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This paper describes all sets of positive integers (x, y, z) for which xy = 1 (mod z) 
and zz = 1 (mod x) and z2 E 1 (mod y). The main step is to show that, once factors 
are switched from x to y  to get (z’- 1)/y prime to x, then either x= y  or 
(z2 - 1)/y = z -x. This is done by studying Pell equations of Richaud type. ‘(7 1989 
Academic Press, Inc. 
1. INTRODUCTION 
Given positive integers z and w, we can obviously find many positive 
integers x and y such that x and y are reciprocals both modulo z and 
modulo w  (we need only split numbers of the form kzw + 1 into two 
factors). But the question becomes nontrivial if we want to make the reci- 
procals work both ways, with z and w  also reciprocals modulo x and y. 
Indeed, such sets (x, y, z, w) have only been partially determined before 
now. I can give a complete determination here because I found that 
Richaud-type equations make an unexpected appearance in this seemingly 
simple setting. 
The first result on such (x, y, z, w) was obtained by Carlitz Cl], who 
used Dedekind sums to show that in any such set either x = y or z = w. 
Hence we may reduce the question to asking for positive X, y, z with 
xy= 1 (mod Z) 
22 s 1 (mod x) 
z*s 1 (mod ~1). 
We shall call any such triple a Carlitz set. 
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The next step was an observation by DeLeon [2]. When (x, y, z) is a 
Carlitz set, we know that .z* - 1 is divisible by the least common multiple 
of x and y; but it may be divisible by still larger factors of xy. Let yO be 
the greatest factor of xy dividing z* - 1, and let x0 = xy/yO. Then (x,, y,, z) 
is a Carlitz set in which the greatest common divisor gcd(xo, [z2 - II/y,) 
is 1 (this implies that x0 must divide yo). We call such a set primitive. 
Clearly all Carlitz sets can be obtained from the primitive ones by shifting 
factors from y, to x0, and it will suffice to find all primitive Carlitz sets. 
The major step in this will be the proof of the following result, which was 
conjectured by DeLeon on the basis of computer-generated data: 
PROPOSITION. If (x, y, z) is a primitive Carlitz set, then either x = y or 
xy- yz+z*= 1. 
To state the full solution, we should introduce a bit of notation: 
DEFINITION. For each q > 2, let X,(q) be the sequence defined recur- 
sively by 
X,(q) = 09 X,(q) = 1, and x,+*(q)=qx,+,(q)--x,(q). 
MAIN THEOREM. The primitive Carlitz sets (x, y, z) are precisely the sets 
on the following list: 
(a) The exceptional solutions: (1, 1, 1 ), (1, 2, 1 ), (1, 3, 1 ), (1, 3, 2). 
(b) The formal algebraic solutions: 
(x, 4x, 2x + 1) for x21, 
(x,4x,2x-l) for x21, 
(x,x,x+1) forodd xal,and 
(x,x,x-l) for odd x23. 
(c) The Pell equation solutions: 
(x,(q), Jf,(q), xn+1(q)) for all q > 2 and odd n 2 1, 
W,,(q), x,(q), x,-,(q)) for all q>2 and oddn2 3, 
(x,(q), (q+ 2) x,,(q), X,(q) + x,,+ l(q)) for all q > 2 and all n 2 1, and 
(x,(q),(q+2)X,(q),X,(q)+X,-,(q)) ford q>2andalln~l. 
Furthermore, there are no duplications on this list. 
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2. REDUCTION TO A FAMILY OF PELL EQUATIONS 
We first rewrite the problem using some ideas suggested by results of 
DeLeon [2]. 
LEMMA 1. Consider the Diophantine equation 
tx2 - stxz + z2 = 1. (*I 
Every primitive Carlitz set (x, y, z) yields a positive integral solution of (a), 
with t = y/z and s = (xy + z2 - l)/yz. In this sol&on, gcd(s, x) = 1. Conver- 
sely, every positive integral solution of (*) for which gcd(s, x) = 1 comes 
from a unique primitive Carlitz set. 
Proof In the primitive Carlitz set, we know that x divides y, say y = tx. 
Consider now xy + z2 - 1. It is divisible by t (because of one of the original 
congruences) and also by y (because of another one); furthermore, the con- 
gruences clearly force gcd( y, z) = 1, and hence xy + z2 - 1 = syz for some 
s 2 1. Setting y = tx here, we get (*). We also have (z’ - 1)/y = sz -x, and 
primitivity then forces gcd(s, x) = 1. Conversely, starting from a solution 
(s, t, x, z) of (*), we can define y = tx. Clearly xy = tx2 5 1 (mod z) and 
z2 E 1 (mod tx). In particular, gcd(z, x) = 1; and hence if gcd(s, x) = 1, we 
get (z2 - 1 )/y = sz - x relatively prime to x. 1 
LEMMA 2. Consider the Diophantine equation 
u2 - (s2t2 - 4t)x2 = 4. (**I 
Every integral solution (s, t, x, z) of (*) gives an integral solution of (**) with 
u = stx - 2z. Conversely, every integral solution of (**) arises in this n’aq 
from a unique integral solution of (*). 
Proof This is straightforward computation; the only point needing any 
attention is that (**) automatically forces u2 z (stx)2 (mod 4), and thus 
stx - u will always be even. a 
We now need to separate out the cases that do not yield Pell equations 
in (**). This is again a straightforward computation; the only point to note 
is that s2t2 - 4t is so close to (St)* that it can very seldom be a square. Here 
is the result: 
LEMMA 3. (a) Ifs, t > 1 and the number s2t2 - 4t fails to be a positive 
nonsquare, then (s, t) equals (1, l), (1,2), (1, 3), (1,4), or (2, 1). 
(b) For these values of s and t, the solutions (s, t, u, x) of (**) with 
positive x are (respectively) (1, 1, +l, 1); (1,2,0, 1); (1,3, +l, 1); 
( 1, 4, + 2, x) with arbitrary x > 0; and (2, 1, + 2, x) with arbitrary x > 0. 1 
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It is easy to check that, when we apply Lemmas 1 and 2, the solutions 
(s, t, U, X) listed in Lemma 3 yield exactly the primitive Carlitz sets of types 
(a) and (b) in the Main Theorem. 
3. SOLUTIONS OF THE PELL EQUATIONS 
Next we recall the general structure of the integer solutions of 
u2 - mx2 = 4 for m a positive nonsquare (see, e.g., Leveque [6, p. 1453): 
There is one basic solution (u,, x1) in positive integers, and all other 
positive solutions are derived from it by 
(24 +x J;;;)/2 = ([Ul +x1 filj2)“. 
In other words, we have the recursions 
2u n+l = u,ul + mx,x,, 
2x,+1 = z&XI + x,241. 
What makes our values of m manageable is that for all of them the mini- 
mal solution (u,, x1) can be given explicitly. Results of this type were first 
discovered by C. Richaud in 1864 (reported in Dickson’s History [3, Vol. 
II, p. 3781). Similar results were rediscovered by J. Hunter [S] and 
G. Degert [4] almost simultaneously about 30 years ago. As the proof is 
quite short, we may as well write out the exact result that we need. 
LEMMA 4. (a) If t = 1 and s > 2, the smallest positive solution of (**) is 
(u,, x,1= (s, 1). 
(b) Ifs = 1 and t > 4, the smallest positive solution is (t - 2, 1). 
(c) rf t > 1 and s > 1, the smallest positive solution is (s2t - 2, s). 
Proof It is trivial to check that the listed values are indeed solutions. 
In (a) and (b) then they obviously must be the smallest solutions. If 
(s’t - 2, s) is not the smallest solution in case (c), it must be at least as big 
as the second solution. Now the second solution is ([UT + mxf]/2, u,x,); 
and since uf - mxf = 4, the u2 value is equal to 2 + mx: = 2 + (s2t2 - 4t)x:. 
By assumption s2t - 2 is at least as big as u2; and since x, 2 1, we get 
2 + s2t2 - 4t < s2t - 2, 
s2t2 - 4t < s2t - 4, 
s2t(t- 1)<4(t-1). 
This is impossible when s and t are greater than 1. m 
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LEMMA 5. When s and t are greater than 1, every solution of (** ) has .Y 
divisible by s. 
Proof. The signs of x and u are irrelevant, so we can consider only the 
positive solutions. We have the recursions 
2u n+,=(s*t-2)u,+(s*t2-4t)Sx,, 
2x n+l =su,+(s?-2)X,. 
We use induction on n, starting with x1 = s. If s is odd, clearly it divides 
X n + l when it divides x,. If s is even, then u, = s2t - 2 and x, are both even, 
as is (s2t2 - 4t); hence, by induction each u, is even, and then again x, + , 
is divisible by s if x, is. m 
We have now proved the proposition stated in the Introduction 
(DeLeon’s conjecture). Indeed, we have just shown that when s and t are 
both greater than 1, then there are no solutions of (**) with gcd(s, x) = 1, 
and hence there are no associated primitive Carlitz sets. That is, each 
primitive set has either t = 1 (giving x = y) or s = 1 (giving xy + z2 - 1 = ~2). 
To finish the proof of the Main Theorem, we must look at the two types 
of cases that remain possible. Say first that s = 1 and t > 4. We have 
u1 = t - 2 and x, = 1. The Pell equation tells us that uz - (tx)’ = 4 - 4tx’, 
so all solutions with positive x have IuI < t 1x1, and thus both positive and 
negative values of u give positive values for z = (tx + u)/2. The condition 
gcd(s, X) = 1 is trivial in this case. In the recursions given for the positive 
u, and x, at the start of this section, we can solve the second one to get 
24, =2x,+, - (t-2)x,, substitute that in the first one to get u,+, = 
(t--2)x,+,- 2-~,, and then substitute the corresponding equation for u, 
back into the second one to get X, + r = (t -2)x, - X, _, . Comparing the 
initial values, we see that we have x, = X,(q) with q = t - 2. Again using 
the expression u, = 2x, + , - (t - 2)x,,, we find that (tx, + u,)/2 = 
X n+l +xn> while (tx,-uU,)/2=x,+x,-,. Thus (with t=q+2) we have 
exactly the final two Pell equation types of primitive Carlitz sets listed in 
the Main Theorem. 
Now suppose that t = 1 (so x = y) and s > 2. We have now u, = s and 
x, = 1. The Pell equation gives us u* - (sx)‘= 4 -4x2, so again both 
positive and negative values of u will give positive values of z = (sx + u)/2 
except in the case where x = 1. Proceeding as before with the recursions, we 
find u,,=~x,+,-sx, and u,+,=sx,+1-2x, and x,+,=sx,-xx,-,, and 
we get x,=X,(s). Then (sx, + u,)/2 comes out to be x, + ,, while 
(sx, - u,)/2 is x,- 1. In this case, however, we still need to check gcd(s, x). 
We have x0 = 0 and x1 = 1 and X, + 1 E -x, _ 1 (mod s), so it is exactly for 
the odd values of n that we have gcd(s, X) = 1. This gives us the remaining 
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primitive Carlitz sets of type (c). Furthermore, the different types have been 
distinguished by different values of s and t, and thus there are no repeti- 
tions on the list. This completes the proof of the Main Theorem. 1 
Finally, since our list gives each y explicitly as a multiple of x, we can 
easily see which factors can be shifted from y to x to get nonprimitive 
Carlitz sets. They are generally quite small compared with x. Indeed, we 
can make no shifts at all when x = y, we can only shift 2 or 4 in the other 
formal solutions, and we can only shift divisors of q + 2 in the last two Pell 
equation solution types. 
Note added in proof Part of the theorem has been proved independently by P. Duvall and 
T. P. Vaughan. 
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